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Hif rig graded ring object in the cat of coalgebras
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Why care about

If X 2 spectrum or infinite loop space rhichgives a 2 spectrum

X IXi l ie N Xi has operation Xi x Xi ⼀ Xi

Let E generalized hom they w Künneth iso then

E Xi 区Xi E Xix Xi
Èfxinhs

together w diagonal mup Xi Xix Xi gives EtXi the stuuctu

of Hopfalg

If X ring spectrum It space Y X Y Y X and

0 XkY x x
l
y xktly

corresponds to o Xn x Xe ⼀ Xktl

Apply E generalized

cohthywlkiinnethiso.EXihasaHopfringst.mu
tune
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E BP ExMU for Ecpxori.con.thy.Kinl
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I Dieudonné theory formalgps
Formal gps arises naturay in the research of cpxori.coh thy
e.g.MU Recall thutaf.gl F E REx.yD is a power series

satisfying 11 Fax.y Fly x1

21 FIX 0 F1o x x

3 FIX FlyZ11 FIFcx.gl Z

eg additive fg.l.Facx.gl x y
multipliiativefg.l.Fmlx.gl x y y

Rt A formalgp Gi over R is an abeliangp ohj in the cat

of étale sheaves over Spe.R.whi.hislocay.in Zariski
top of

the form GF for Ff.gl and

GF CRing Ah

A NilA

nilpotent elets of A w multiplication

ix g 1 FIX.gl FEAIIX.JP



a is a formal scheme in fact the formal affine line R SpfREX

Diethe formal spentrum of RExD w I adic top

Consider the algebraic deRham complex 2⾸1A of rhih terms are
coherent sheaves over Gi Let w E r'alA is called invariant

differential if it invariant under right multiplication There is

m G x G G mntiiplint.cn

不 G x Gi a prjection

one has itw m w

正 Suppose a GIF for somefg.l.FERIx.yD.winv.clif Wxi WCFcx.gl 翇lx.gl

正 It formalgpa over Q alg A is localy iso to Gia

WE R'a1A gives rise to loganithn via integration wa dx

However when A is not Q ay but of positive chau p thisdoesn't

hold Iactually leads to height p Need some generalization of inv diff

I𠱃 m G x G G mntiiplint.cn

Ti G x Gi a pjection.i 1.2

inv.dif.is the eletinkerlmt.it_ E



Denote PH'dR G A HdRIGIA be this kernel

正 I Poincaré lemmal

A plocaltorsion freening.f.fr E XAEx If fi三

fmodpthenHWEAIXDdx.fiiwi ⼀ ftiwl is exact

We're good to define the Dieudonné modules Let Wiik p typical

Witt veitons on k perfect field Tn Wpck is torsion.free Recall in

deformation throng Wick1 is universal infinisi
esimalthickenigfk.Expliciely.DefIAIEHomkCW.lk

I Tv Un 1⼑ A I Lnhin Ter

QnickRehWCAI NAN.wialilw.la l welay I

wn Got tpai p an a lao a I

f k perfect char k p so Go formalgp over k

Life Gio to Gi over Wpikl then the contravariant Dieudonné

moh of Gio is DCGo

PHdRIGilwickil.Pnp_uy.is
Welldefined 不 module

2 Fnolienins x it x ma Go Fnol.tn

F DYG.nl D 1动 G I

Let 4 life of FuohonktoWpckl.hn
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37 Versahiebung V Ʃ anxn'dx ⼼ Ʃ ain'xn dx

UF p αVcv1 V α9v

T 5 cat of smooth formalgps over k of finite height p

cat of Dieudonné modules i.e modules over

Cartp WplkICF.US GFǙYǕP
is cat

equiv.P
Giuenacomm.gpsihemeGi.com can recover the Hqfalg str

on KIGI

Ce D Hopf algs ⼀ Dieudonné modules

区 Dieudonné theory can help in chromatic hug ty
Can use to compute Antgpof Honda formalgp Let Pd Honda

f.gl of ht d k D Pdl Cartp Carep Ip F
d where

the relation is givenhy ppalx7 xid
EndPd E Wi Fid CFs Niǐe F
At id EndPd

Tis is important since one needs it to compute the Ed based



Adams SS which
converges to 丌 Ld d localized spherespeitr.nl

Rk y Cartier duality one can define the covariant Dieudonné theory

D T definition is basically the same and is suhje.tt
区Go D G

F U suhjeietotheinteuiha.ge rule

應 Mone Usage

Fe Pt 1 is actualy a graded module Tgnadiy is given

ly D GradedHifAgi GradedMod

H 1 n DniHI

⼆ n Map Him H

where Hani
9
freegraded comm Hopfag Fi w onegendegn

Fi xo Xi Xu w Witt diagonal

Else 121 1 is rep y p typical Wit formalgp Wp

Map D H n M Mn

In order to translute Hopf rigs into Diendonmi modules one needs a

tensor pnoduet on Dieudonné modules

DAMI D N A M N

where for two Dieudonné modules A B

A B 不管兴 不us1A B i 只 品
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where Vlx y Vcxl Uyi

Now D Hopf rings 1 Diendonniag

Why care about it
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x Y

Zcofihseqofspeitra.Ifnsl.in
丰 1 mod 2p then e.s

DnH 2 X DnH 2 Y DnH 2 Z

Note that homology of infinite loop spaces is Hupfalgoverlyev

Lashfagcor_nsl.in
丰 1 ml zp spectrum Bini nth Brown Gitar

spectrum st Bin1 X É DnH 2 X

Perties of Bent
1 Bini connective p complete

2 B 9Bm13no graded comm ring spectrum

3 Let E ringspectrum rep Ecohthg Then

EkBcnl I BankE E BeninƩ E

EkBin1 DnH 2 E n k

surjection ExB 上 DH E at oddprinec



At p 2 h respelts U F

41 HtBent is known for all p

Let E he ring sp.DE D H E DE 9DzmH E12n13 be the
Dieudonné

ring Suppose Ex torsion.free concentrated in even degree

Th Goerss 99

Suppose E B n is also concentrated in even degrees for all n

e E DH Eill be the image of the gen of T.ECll under the
Huremicz mp E H E Tn

DE e e2 b.z.ES D H E

is an iso of Dieudonné ags

If 区BinI concentrated in even deg.ltn then

ExBlev S E B2n17 9EzmB12n13
and E B DH E restricts to iso of Dieudonné algs

区Bev 1 DE

Relation to E 2253

2253 admits a filtration Fk822533

Let 225 2253 1 pt It admits a filtmtion 9Fn Fk225 I
Snaith splittiy 225 Vk Fk Fk 1



and FkFiat E

f
I2 Bcznl k pn
2n't t

Bszntll k put1

1 k丰

o.lulpforpszFKIFk.IE
IKBCK p 2

So the assoc graded spentrum of 225 negnadiy of B 1Baul

Denote the regraded spentunm ly B Then

ExBcev1 E B

Tn use Adams SS to DE though E B Goers did E BP

in his paper


